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Abstract

In performing a manipulation task, humans tend to adopt
arm postures that most effectively utilize the motion and
strength capabilities of the arm. Selecting arm postures that
are compatible with the task requirements has become almost
instinctive to humans. By mimicking this approach in robotic
manipulation, we can exploit the full capability of a manipu-
lator in performing a task. An index is proposed for measur-
ing the compatibility of manipulator postures with respect to
a generalized task description. The manipulator is viewed as
a mechanical transformer, with joint space velocity and force
as input and task space velocity and force as output. Optimi-
zation of the index corresponds to matching the velocity and
Sforce transmission characteristics to the task requirements.
The applications of this index to manipulator redundancy
utilization and workspace design are also discussed.

1. Introduction

Manipulation tasks are most conveniently perceived
as a sequence of actions in Cartesian task coordinates.
However, a task must ultimately be realized as a se-
quence of actions in the actuator coordinates, e.g.,
joint coordinates, of the manipulator. Motion or force
in the task coordinates is invariably the result of mo-
tion or force in the actuator coordinates.

For a given posture of a manipulator, there are
“preferred directions” for motion and for force exer-
tion in task coordinates. There will be directions of
motion in task coordinates that require minimum
motion in actuator coordinates and directions of force
exertion that require minimum loading on the actua-
tors. In these respective directions, the range of achieva-
ble velocity and force is at a maximum, but the reso-
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lution, or accuracy, of control is at a minimum.
Hence, we will distinguish optimal directions for ef-
fecting velocity and force from those for controlling
them. The optimal directions for accurate control of
velocity and force are those that require maximum
velocity and force in actuator coordinates. In a recent
work on the selection of grasp configurations for dex-
terous robot hands, Kerr and Roth (1986) suggested
that a grasp should be selected to match the optimal
directions of the hand with the task geometry. Al-
though no quantitative measure was given for deter-
mining the optimality of grasp configurations, their
work introduced the idea of matching a manipulator’s
posture to the task requirements.

We explored the idea of task-dependent postures in
the context of redundant manipulator control (Chiu
1987). An index was proposed for measuring the com-
patibility of manipulator postures with respect to task
requirements. Simulations for an anthropomorphic
arm resulted in postures that agree with human expe-
rience. However, the proposed index was only applica-
ble to limited types of tasks. In this paper, we extend
the formulation of the index to incorporate a general-
ized task description. The utilization of this index in
determining the optimal posture of redundant manip-
ulators and its application to workspace design are
also discussed.

2. The Velocity and Force Ellipsoids

For our purposes, it is appropriate to view the manip-
ulator as a mechanical transformer with joint velocity
and force as input and Cartesian velocity and force as
output. The optimal direction for effecting velocity is
the direction in which the transmission ratio of veloc-
ity is at a maximum. Conversely, the optimal direc-
tion for fine control of velocity is the direction in
which the transmission ratio is at a minimum. The
same concept applies to force.
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2.1. The Velocity Ellipsoid

The velocity and force transmission characteristics of
a manipulator at any posture can be represented geo-
metrically as ellipsoids. Consider an n-degree-of-free-
dom manipulator with joint coordinates 8;, i = 1,

2, . . . ,n,and a task described by m task coordinates
xj,j=1,2, ..., mwith m < n. Let the kinematic
transformation from joint space to task space be given
by

x = x(0)

where 8 =1[0,,60,, . . . ,0,]J"and x=[x,, x5, . . .,
X,]T are the joint and task coordinate vectors. Differ-
entiating with respect to time, we obtain

x=J(6)0 (1)
where J is the m X n Jacobian matrix, with elements
given by J;; = dx;/30;. From Eq. (1), we see that the
Jacobian is simply a linear transformation that maps
the joint velocity in R" into a task velocity in R™. The
unit sphere in R” defined by

NOIP=62+63+ --- +02=<1

is mapped into an ellipsoid in R™ defined by

xTJIT) 'x = 1. (2)
Yoshikawa (1984) called this the “manipulability el-
lipsoid,” and proposed that kinematic redundancy
should be used to maximize the volume of this ellip-
soid. This is an effective means for singularity avoid-
ance, since the volume of this ellipsoid is zero at sin-
gularities (where the achievable task velocity collapses
into a lower dimension). The posture of various types
of nonredundant manipulators has also been analyzed
using the ellipsoid volume as a criterion (Yoshikawa
1985). For clarity, we will refer to this ellipsoid as the
velocity ellipsoid.

The velocity ellipsoid is a useful tool for visualizing
the velocity transmission characteristics of a manipu-
lator at a specific posture. The principal axes of the
velocity ellipsoid coincide with the eigenvectors of
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Fig. 1. Velocity ellipsoid.
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(JJT)~!, and the length of a principal axis is equal to
the reciprocal of the square root of the corresponding
eigenvalue (see Fig. 1). The optimal direction for ef-
fecting velocity is along the major axis of the ellipsoid,
where the transmission ratio is at a maximum. Con-
versely, the velocity is most accurately controlled along
the minor axis of the ellipsoid, where the transmission
ratio is at a minimum.

2.2. The Force Ellipsoid

Analogous to the velocity ellipsoid, we can also define
a force ellipsoid for describing the force transmission
characteristics of a manipulator at a given posture.
Forces in joint space and task space are mapped via
the same Jacobian through the relation

T=Jf (3)
where f is the force vector in task space and 7 is the
joint torque vector. This relation can be derived from
Eq. (1) by equating mechanical power in joint space
with that in task space. That is,

0Tt = xTf = §7J 7.
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Using Eq. (3), we obtain
7T = {T(JINL.

Hence, the set of achievable force in R™ subject to the
constraint ||z]|* < 1 is the ellipsoid defined by

fTIINf < 1. (4)

We will refer to this ellipsoid as the force ellipsoid.
Analogous to the velocity ellipsoid, the principal axes
of the force ellipsoid coincide with the eigenvectors of
(JJT), and the length of a principal axis is equal to the
reciprocal of the square root of the corresponding
eigenvalue. This is effectively the same ellipsoid uti-
lized by Asada and Youcef-Toumi (1984a) in the anal-
ysis of the power to force conversion characteristics of
a direct-drive arm. The mean value of the lengths of
the principal axes, which is basically also a measure of
the volume, was used as a measure of the overall
power conversion efficiency. This formed the basis for
the design of a parallel drive mechanism which has a
constant mean value independent of the posture
(Asada and Youcef-Toumi 1984b).

2.3. Duality of Velocity and Force

Via Egs. (2) and (4), the velocity ellipsoid is defined by
the matrix (JJT)~!, and the force ellipsoid is defined
by the matrix (JJT). It can be shown that (JJT)™! and
(JJT) have the same eigenvectors, and that the eigen-
values of (JJT)~! are the reciprocals of the eigenvalues
of (JJT). In other words, the principal axes of the ve-
locity and force ellipsoids coincide, and the lengths of
the axes are in inverse proportions (Yoshikawa 1985).
This means the optimal direction for effecting velocity
(maximum velocity transmission ratio) is also the
optimal direction for controlling force (minimum
force transmission ratio). Similarly, the optimal direc-
tion for effecting force is also the optimal direction for
controlling velocity. This result can also be derived by
applying Raleigh’s principle to the velocity and force
transformations (Kerr and Roth 1986).

The inverse force-velocity behavior is easily under-

Fig. 2. Comparison of force
ellipsoids for task compati-
bility.
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stood by our view of the manipulator as a mechanical
transformer. Conservation of energy dictates that am-
plification in velocity transmission must invariably be
accompanied by reduction in force transmission, and
vice versa. From the point of view of control, this
behavior also makes sense. We see that velocity is most
accurately controlled in the direction where the ma-
nipulator can resist large disturbance forces, and force
is most accurately controlled in the direction where
the manipulator can quickly adapt its motion.

3. Task Compatibility

By varying the posture of a manipulator, we can
change the shape and orientation of the velocity and
force ellipsoids, and hence change the optimal direc-
tions for effecting or controlling velocity and force.
The effective capability of a manipulator can be in-
creased by adopting postures that align the optimal di-
rections with the task directions. However, as we shall
see, alignment of the optimal directions is not a suffi-
cient criterion for determining the overall optimality of
a posture.

3.1. Measure of Task Compatibility

Consider the contour-following example shown in Fig.
2. We wish to control force along the vertical direction
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Fig. 3. Transmission ratio
along a vector.

and velocity along the horizontal. The two ellipsoids
shown are the force ellipsoids of a manipulator in two
different postures. The transmission ratio along a par-
ticular direction is determined by the intersection of
the directional vector with the surface of the ellipsoid.
Although the optimal directions of ellipsoid A are
aligned with the task directions, ellipsoid B is more
“task compatible” because finer control of force and
velocity can be achieved along the respective direc-
tions. This example shows that compatibility is not
measured by alignment of optimal directions but by
the actual transmission ratios along task directions.

3.2. Computation of Transmission Ratios

The transmission ratio along a particular direction is
equal to the distance from the center to the surface of
the ellipsoid along the directional vector. We will first
consider the computation of the force transmission
ratio. Let u denote the unit vector in the direction of
interest, and let « be the distance along the vector u
from the origin to the surface of the force ellipsoid
(Fig. 3). The scalar « is then the force transmission
ratio in the direction of u. Since au is a point on the
ellipsoid, 1t must satisfy the equation (see Eq. (4))

(cu)"(JI ") (om) = 1.
Hence, we have
o = [uT(JJ D]~ 12, (5)

Through a similar derivation, the velocity transmission
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ratio 8 in the direction of u can be obtained as
=T IITY 'u] "2 (6)

In the special case when u coincides with one of the
principal axes of the ellipsoid, f can be computed as
the reciprocal of & to avoid matrix inversion.

3.3. Compuatibility Index

The transmission ratios represent the amplifications in
force and velocity magnitude. The reciprocals of the
transmission ratios represent the amplifications in
control accuracy. The achievable manipulator per-
formance in a task is maximized by optimizing these
ratios in the task directions. Consider a task described
by m task coordinates. We wish to control force along
the direction vectorsu;, i=1,2, . . . ,/, and to con-
trol velocity along w;, j=/+1,/+2, . . . ,m. Let
the force transmission ratio in the direction of u; be
denoted by ¢;, and let the velocity transmission ratio
in the direction of u; be denoted by ;. We define the
compatibility index ¢ as

{ m
c=Y wa+ Y wp, (7

i=1 jm=i+1

where the + sign is used for the directions in which
the magnitude is of interest, and the — sign is used for
the directions in which accuracy is of interest; w; and
w; are weighting factors that indicate the relative mag-
nitude or accuracy requirements in the respective task
directions. We see that the compatibility index is a
weighted sum of the squares of transmission ratios and
squares of the reciprocals of transmission ratios. The
problem of determining the optimal manipulator pos-
ture for a task can be restated as the problem of
searching for the posture that maximizes this index.

Substituting Egs. (5) and (6) into (7), the compati-
bility index is more explicitly defined by

i m
c= E w; [uf(JIDu ! + 2 wilaf(JIT) T (8)

i=1 J=i+1
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where the + sign is now used for the directions in
which accuracy is of interest, and the — sign is used
for the directions in which the magnitude is of interest.

An alternative measure of task compatibility can be
obtained by extending the work of Li and Sastry
(1987) on determining the optimal grasp locations on
an object. Although their analysis is focused on the
transformation of fingertip forces into net applied
force on an object, the results can be directly extended
to manipulator kinematics. In this approach, optimal-
ity is considered from the standpoint of maximizing
the achievable range of force. The shape of a “task
ellipsoid” is first determined from the relative force re-
quirements along the task directions; i.e., the task
ellipsoid represents a desired minimal force ellipsoid.
The measure of optimality is then defined as the radius
of the largest task ellipsoid that can be embedded in
the actual force ellipsoid. Hence, optimizing this mea-
sure has the effect of simultaneously maximizing the
volume of the force ellipsoid while coercing its shape
to resemble that of the task ellipsoid. Although this
approach can also be extended to include the defini-
tion of a task ellipsoid in the velocity domain to ac-
commodate a hybrid velocity/force task description,
the computational requirements are formidable.

4. Redundant Manipulator Control

Redundant manipulators have more degrees of free-
dom than that required for performing a task. Gener-
ally, there exists a continuum of postures that can
achieve a given task coordinate position. Works on
control of redundant manipulators have included the
use of these extra degrees of freedom to minimize the
energy in motion (Khatib 1983), to avoid joint vari-
able limits (Liegeois 1977; Konstantinov et al. 1982;
Hollerbach and Suh 1985), and to avoid singularity
and obstacles (Yoshikawa 1984; Klein 1985). Dubey
and Luh (1986) utilized redundancy to maximize
either the velocity or force transmission ratio along the
direction of the trajectory. The velocity transmission
ratio is maximized if the manipulator is moving in
free space; the force transmission ratio is maximized if
the manipulator is interacting at low speed with exter-

nal objects. In this section, we discuss the use of re-
dundancy to maximize the task compatibility of a
manipulator.

4.1. Optimization of Performance Criterion

The velocity of a redundant manipulator is mapped
from a higher-dimension joint space to a lower-dimen-
sion task space via Eq. (1). The general solution to the
inverse problem is given by

O0=J*x+(I1—J*J)x, 9)

where J* is the pseudoinverse of the Jacobian matrix
J defined by

J+ — JT(JJT)—I

and k is an arbitrary vector in R". The term (I — J*J)k
corresponds to an internal motion of the joints that
does not produce an endpoint motion. The goal here
is to find a x such that the internal motion will always
move the manipulator toward a posture where the
conpatibility index is at a maximum.

A solution for selecting x to maximize performance
criteria of the form p(8) is given by Yoshikawa (1984).
The internal motion will always increase p(8) if

_9
=gk (10)
where
o _|p o ap |*
o6 |36, 90, " " a0,

and k is a positive constant.

4.2. Simulation Results

Consider the planar 3-degree-of-freedom manipulator
shown in Fig. 4. Given a required endpoint position,
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Fig. 4. Planar 3-degree-of-
freedom manipulator.

Y a
l, =1.0
l!l2 = 10
2.0 (
0.0 } + X

0.0 2.0

we wish to find the posture that maximizes the com-
patibility index for accurate control of vertical force
and horizontal velocity. From Eq. (8), the compatibil-
ity index for this task is

c=w[uf(JIDu,] + w,[ui(FIT)"uy),

where u; = [0 1]Tand u, =[1 0]". The weighting
factors w, and w, represent the relative importance of
force control and velocity control, respectively. We
will consider the case where w, = w, = 1. The Jacobian
matrix of the manipulator is given by
ey ]

—hsin )’
where ¢, = cos (8,), ¢c;; =cos (0, + 0;), |53 =
cos (0, + 0, + 85), s, = sin (6,), 5,, = sin (0, + 6,), and
S123 = Sin (91 + 82 -+ 83).

The initial posture of the manipulator is shown in
Fig. SA. Using the compatibility index as the perform-
ance criterion, we compute the joint motion that will
maximize the index from Egs. (9) and (10), using
k = 3. The resulting evolution of the manipulator
posture is shown in Fig. 5B, and the compatibility

index as a function of time is shown in Fig. 5C. It is
interesting to note that the best posture for fine control

Liey + hep+ ey Ley + ey
=55y = hs1y = ISy — LSy — LSy

J(9)=[
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Fig. 5. Optimization of
compatibility index. A. Ini-
tial posture. B. Evolution of
posture. C. Compatibility
index as a function of time.
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of vertical force and horizontal velocity resembles that
of the human arm during writing.

Because the compatibility index is a nonlinear func-
tion of the variables, multiple maxima may exist. The
proximity of the initial posture to these maxima will
determine whether the posture will converge to the
global maximum or a local maximum. Figure 6A
shows an alternative initial posture that will place the
endpoint at the same position as in Fig. 5A. The ma-
nipulator posture and the compatibility index during
optimization are shown in Figs. 6B, C. We note that
the final posture corresponds to a local maximum of
the compatibility index, as evinced by the lower index
value. Postures that correspond to local maxima of the
compatibility index usually appear awkward, being
uncommon in human experience. Utilizing heuristics
to constrain the search is a subject for future work.

In the above examples, the search algorithm is based
on analytical evaluation of the gradient of the compat-
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Fig. 6. Optimization of
compatibility index using
alternative initial posture. A.
Initial posture. B. Evolution
of posture. C. Compatibility
index as a function of time.
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ibility index. For applications to real-time control,
time constraints may preclude the evaluation of com-
plex expressions of the gradient. In this case, the gra-
dient may need to be evaluated numerically in the
form of difference equations.

5. Application to Workspace Design

For a nonredundant manipulator, the task coordinate
position effectively determines the posture. It is then
possible to compute the compatibility index as a func-
tion of the manipulator position in the task coordi-
nates. The optimal position will correspond to the
location in workspace where the task can be performed
most effectively.

Consider the planar 2-degree-of-freedom manipula-
tor shown in Fig. 7. We wish to find the optimal work-

Fig. 7. Planar 2-degree-of-
freedom manipulator.
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space location for a task that requires large vertical
and horizontal force. The compatibility index for this
task is

I

¢ = w[ul(JIDu, ™" + wyluI(JT uy] ™"
where u; =[0 1]Tand u, =[1 O]". For simplicity,
we will again only consider the case where w; =

w, = 1. The Jacobian matrix of the manipulator is

[ Lie,+ by, hey, ]
— b5y, ’

—lisy = bLsy,
For y = 0, the compatibility index as a function of the
manipulator x coordinate is shown in Fig. 8. The force
transmission ratios «, and a;, are also shown in the
figure. Although the maximum of the compatibility
index indicates the optimal location for a task, often
certain force and velocity constraints must be satisfied.
For example, there may be a minimum force require-
ment equivalent to the constraint &, = a,;,, where
Qmin 1S @ constant. The optimal location subject to a
set of constraints can be easily determined from graphs
similar to Fig. 8. An alternative approach is to adjust
the weighting factors of the compatibility index until a
maximum is found that satisfies the set of constraints.

J=
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Fig. 8. Workspace design A.
Manipulator posture. B.
Compatibility index as func-
tions of the x coordinate.
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6. Conclusion

The compatibility of manipulator postures with re-
spect to task requirements has been studied in this
paper. We viewed the manipulator as a mechanical
transformer and focused on the velocity and force
transmission ratios along the task directions. The opti-
mization of the transmission ratios formed the basis
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for determining the posture most compatible with the
task requirements.

An index has been proposed for measuring the com-
patibility of manipulator postures with respect to a
generalized task description. The maximization of this
index presents an effective way of utilizing manipula-
tor redundancy. The index can also be applied to
nonredundant manipulators as a criterion in work-
space design.

The analysis presented in this paper is based only
on kinematic considerations. However, the dynamics
of a manipulator becomes important in many tasks.
Further study is needed to examine the effects of arm
dynamics on different aspects of task performance.
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